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The Problem Setting for PCA

Given data D = {yyy1, · · · , yyym} ⊆ Rn with 1
m

∑
yyyi = 000, find

1 direction of maximum variance.

2 direction of maximum r−variances (that is, directions xxxi such that total variance along
R ⟨xxx1, · · · ,xxxr⟩ is maximized).
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Solution for 1 direction

The data along direction xxx (such that ||xxx|| = 1) is ⟨D,xxx⟩ = {⟨yyyi,xxx⟩}mi=1. Mean of this data is 0. So,

variance of this projected data is 1
m

∑
⟨yyyi,xxx⟩2 =

∑
xxx⊤ (

1
myyyiyyy

⊤
i

)
xxx = xxx⊤

∑(
1

m
yyyiyyy

⊤
i

)
︸ ︷︷ ︸

S

xxx. Thus our

problem becomes

max xxx⊤Sxxx

s.t.

{
xxx⊤xxx = 1

xxx ∈ Rn

The optimal xxx is an eigenvector corresponding to the highest eigenvalue of S.
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Main theorem to use

Look at the Rayleigh quotient

RM (vvv) =
vvv⊤Mvvv

vvv⊤vvv
.

Theorem (Rayleigh quotient theorem)

If M is Hermitian, maxRM (vvv) = λmax.
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Solution for r directions

Note that S = 1
m

∑
yyyiyyy

⊤
i is symmetric. Assume r distinct eigenvalues λ1 > · · · > λr.

xxx1 · · · xxxr.
Highest variance is along xxx1.
Second highest variance obtained by restricting S to ⟨xxx1⟩⊥ — so direction is xxx2.
And so on. . . .

This is simply the solution to the optimization problem

max tr
(
X⊤SX

)
s.t.

{
X⊤X = 111r

X ∈Mn×r
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Principal Component Analysis along A Subspace

Say we have a subspace V ⊆ Rn with an orthogonal complement U and uuu1, · · · ,uuuk is an
orthonormal basis of U . So W =

[
uuu1 · · · uuuk

]
: Rk → Rn has image U . Then

V =
{
xxx ∈ Rn : W⊤xxx = 000

}
.

Then the optimization problem along V is

max tr
(
X⊤SX

)
implicit

s.t.


X⊤X = 111r

W⊤X = 000

X ∈Mn×r
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Alternate perspectives

If F : Rd ↪→ Rn is an embedding for V , that is, F is full rank and ℑ(F ) = V .

The X in the above optimization problem would then look like X = FY for some Y ∈Md×r.
Then the optimization problem along V is

max tr
(
Y ⊤F⊤SFY

)
parameterized

s.t.

{
Y ⊤F⊤FY = 111r

Y ∈Md×r

Alsn now notice that B = FF⊤ : Rn → Rn is a projection onto V . Then X can be replaced with
X = BZ for Z ∈Mn×r.
Then the optimization problem along V is

max tr
(
Z⊤BSBZ

)
projected

s.t.

{
Z⊤B2Z = 111r

Z ∈Mn×r
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Just graphs. . .

Definition (Quiver)

A quiver is a (finite) directed graph.

• •

• • • · · · • •

• •

• •

• •

• •

•
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Representations

Definition (Quiver Representation)

A representation AAA• of a quiver Q = (V,E) is an assignment of vector spaces AAAv to each vertex
v ∈ V and linear maps AAAe : AAAu → AAAv to each edge e : u→ v.

R2 R3
A

B

where A =

[
2 2 2
1 0 7

]
, B =

[
2 3 4
2 1 7

]
.

Remark: This can be viewed as a representation of an algebra (the path algebra of the quiver Q)

— the representation is Tot(AAA•) =
⊕
v∈V

AAAv.

Nilava Metya (Rutgers University) Principal Components along Quiver representations December 6, 2023



Want PC along quiver representations

Say we are given data D = {yyy1, · · · , yyym} ⊆ Rn ∼←−
φ

Tot(AAA•). Where AAA• is a representation of Q.

PCA along the quiver representation doesn’t make sense if it is just normal PCA.

Want: the vector (for principal directions) to respect the representation.

That is, if γγγ = (γv)v∈V ∈
⊕
v∈V

AAAv is a direction with ||φ(γγγ)|| = 1, then we’d like AAAe(γx) = γy for all

edges e : x→ y in Q.
So we are interested in the subspace

Γ(Q,AAA•) = {(γv)v∈V ∈ Tot(AAA•) : AAAe(γx) = γy for all edges e : x→ y} .
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Data Tensor

40◦C 60◦C 80◦C 100◦C 120◦C
p1 p2 p3 p1 p2 p3 p1 p2 p3 p1 p2 p3 p1 p2 p3

xxx1

xxx2

xxx3

xxx4

xxx5

xxx6

xxx7

xxx8

xxx9

xxx10

11× 3× 5 contingency table
pi are the variables being measured. Each xxxi is a sample measurement of p1, p2, p3. Each block is
the set of measurements at a different temperature.
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If Water. . .

Parameters different for liquid vs. gas. + different behaviour at boiling point.
Maybe. . .

40◦C 60◦C 80◦C 100◦C 120◦C
p1 p2 p3 p1 p2 p3 p1 p2 p3 p2 p2 p3

xxx1

xxx2

xxx3

xxx4

xxx5

xxx6

xxx7

xxx8

xxx9

xxx10
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If Water. . .

Parameters different for liquid vs. gas. + different behaviour at boiling point.
Maybe. . .

40◦C 60◦C 80◦C 100◦C 120◦C
p1 p2 p3 p1 p2 p3 p1 p2 p3 p2 p2 p3

xxx1

xxx2

xxx3

xxx4

xxx5

xxx6

xxx7

xxx8

xxx9

xxx10

R3 R3 R3 R R2
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In general table could look like. . .

R3 R4 R2 R7 R R
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Why would I group random data? (rhetorical)

So maybe there’s some relation

R3 R4 R2 R7 R R

Restrict to the case when these maps are linear.
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Rn is just for each row

But the data really look like

R3 ⊗ R11 R4 ⊗ R11 R2 ⊗ R11 R7 ⊗ R11 R⊗ R11 R⊗ R11

Linear T : U →W induces linear T ⊗ 111V : U ⊗ V →W ⊗ V .
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Want . . .

Look at a simpler example

R3 ⊗ R11 R4 ⊗ R11 R2 ⊗ R11 R7 ⊗ R11 R⊗ R11 R⊗ R11

G

Want a rank 1 approximation of the data in this quiver representation.
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Want . . .

Look at a simpler example

R3 ⊗ R11 R4 ⊗ R11 R2 ⊗ R11 R7 ⊗ R11 R⊗ R11 R⊗ R11A

B

C

D

G

E

F

Want a rank 1 approximation of this quiver representation. Should respect the representation.

a⊗ b A(a⊗b)
EDCB(a⊗b)

B(a⊗b)
GDCB(a⊗b) CB(a⊗ b) FB(a⊗ b) DCB(a⊗ b)A

B

C

D

G

E

F
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Could we have started elsewhere?

• Evvv Gvvv CGvvv FGvvv vvv
Dvvv

A

B

C

D

G

E

F

Stuck!!!
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Key takeaways/observations

Γ(Q,AAA•) is precisely what we want.

Strongly connected components and minimal vertices are important.

Arborescences are good: If Q is an arborescence with root ρ, then Γ(Q,AAA•) ∼= AAAρ.

If there are two paths p, q from u to v, then γu is good iff γu ∈ ker(AAAp −AAAq).
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Ear decomposition

Definition
An ear decomposition Q• of Q is an ordered sequence of c ≥ 1 subquivers
{Qi = (si, ti : Ei → Vi)|i ∈ [c]} of Q subject to the following axioms:

1 the edge sets Ei partition E;

2 the quiver Q1 is either a single vertex or a cycle, while Qi for each i > 1 is a (possibly cyclic)
path in Q;

3 for each i > 1, the intersection of Vi with the union
⋃

j<i Vj equals {s(Qi), t(Qi)}.

Theorem
A quiver with at least two vertices is strongly connected if and only if it has an ear decomposition.
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Examples

• • •

• • • • •

• • • • •

•
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Arborescence from SC quiver (representaiton)

Fix an origin ρ for Q1.

• • • • •

•

Remove terminal edges to get T .

• • • • •

•
We get an arboroscence.
For each terminal edge ϵ define ∆ϵ : Aρ → Atϵ by ∆ϵ = Ap(tϵ) −Aϵ ◦Ap(sϵ).

For the orange edge:
• • • • •

•

—

• • • • •

•
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The root is therefore

(AAA|T )ρ ∼=
⋂

ϵ terminal

ker∆ϵ =: K

Lemma

Γ(Q,AAA•) ∼= (AAA•|T )ρ ∼=
⋂

ϵ terminal

ker∆ϵ
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What if there’s something more than strongly connected?

Want to find a representation of the new quiver (arborescence) whose space of sections is
unchanged.

Lemma

This new representation is

− − K − −

−

− −|K −

−

−

.
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In the quiver

Cycles occur in strongly connected parts. So we

1 Identify each maximally strongly connected component of the quiver, and

2 Get an arborescence from there by removing terminal edges (keep track of the roots).

• • • • •

• • • •

−→
• • • • •

• • • •
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In the representation

− − K − −

• • K ′ −

For the • in the (2, 2) position, what if after pushing a vector to (2, 3) (via (2, 1)), the vector doesn’t
fall into K ′? So, replace it with A−1

p(•→K′)(K
′). In fact, it needs to be replaced with the intersection

of all paths • → ρ(R) for all strongly connected components R, where ρ(R) is the root of R.
For the • in the (2, 1) position, replace it with intersection of all A−1

p(•→ρ(R))(K(R)).
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Still not done?

• • and • • • are still problems.
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Start with
• • • • •

• • • •

Do an acyclic reduction
• • • • •

• • • •

Identify minimal vertices
• • K • •

• V • •

Augment the quiver to have a single source ρ.
Connect a new vertex to minimal vertices.

• • K • •

K ⊕ V

• V • •
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Now flow through. . .

V8 V9 V2 V5 V7

V1

V6 V3 V4 V10

T1

T2

T12

T3 T7

T11

T10

T4T8

T5

T6

T9

V8 V9 V2 V5 V7

V1

V6 V3 V4 V10

T1

T2

T12

T3 T7

T11

T10

T4T8

T5

T6

T9
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For representations. . .

• • (V1, T1) (V2, T3T1) (V5, T7T3T1)

(V1,111)

(ker(T5T2 − T6T2), T5T2) (V1, T2) • •

T1

T2

T12

T3 T7

T11

T10

T4
T8

T5

T6

T9

Replace each AAAv with the equalizer Φv of
{
AAAeφs(e) : Φ

′
v → AAAv|e ∈ Ein(v)

}
with a flow map

φv : Φv → Av given by the restriction of AAAeφs(e).

Lemma

Γ(Q,AAA•) ∼=
⋂

v∈Vmax
Φv =: QΦ(AAA•).
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The resulting quiver representation

Lemma

If T+ ⊆ Q+ is a spanning arborescence (found by BFS) of the augmented quiver with root ρ, then
an arboreal replacement of AAA• is the representation given by AAA+

• of T+ given by

(AAA+
• )v =

{
Φ(A•) if v = ρ

AAAv otherwise
and (AAA+

• )e =

{
Ae|Φ(A•) if s(e) = ρ

AAAe otherwise
.

• • • • •

∗

• • • •
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Thankyou!
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