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One could ask what is

argmax Pxy nly MAP estimation

2 E X Y y MMSE estimator

3 Var X 4 8

All these haveto do eith with the

distribution Pxly or an

optimization related to that

Thinking about Pxly relates

it to statistical physics



What are these x y's like

Example

1 Corruption by Gaussian

noise
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2 Generalized linear mode
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Many Bayesian Inference
problems can be set a graphinal

models They can oftenbe

represented via a factor
graph
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nodes

undes variable
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Variables have index i factors a
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2 Generalized linear model

If I éβrIwi

win

secured

If the factor graph is a

tree we can solve it by Belief
Propagation BP If it is sparse
and treelike we can doloopy BP

For some denseproblems we can do

ApproximateMessage Passing AMP



AMP has been a major
contribution of statistical physics
back to statistics thanks to

the work of Andrea Montanari
and his collaborators

However to appreciate it one

needs to understand the

Onsager term The best place

to see it is in SpinGlassplupics

the Thoulers Anderson Palmer TAP equation



Cavity method and the

Onsager term

Go from Gn to Gat

is
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where the effectivefield
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B so h
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See soph dh

Wewould liketo compute Ev So

E.lk End

What if we could postulate Pr hi

Ig e Est when Nis large

If so µ hot Ʃ Jo ENIS
0

Note that Enl in the expectation in

the system with a cavity the 0th site



We insert a spin into that cavity and

then compute the resulting changes

trying to understand whathappens as N s

We will tackle on later it is model type

dependent

In the immediate discussion I replace

hi sin by just h

Ent So
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Thus

Entsol thpEEEDthphot.EE END
Expeltation

in theNH spinsystem
Expeltation

intheNspin
system w Cavity

The
eqn connecting Ent and

EN S is similar in spirit to

belief propagation

We could have written this as

Mo th Pho βEpi Miso



Considering any site in thegraph as 0

we get a set ofequations
Mi th β hit β Eij Mi si
We then need togetequations forMj i
which isproblematic

Forthetimebeing we try get a relation

between Ent 1 and EN Si directly

Perhaps we ask how Enke is

related to Entities

Put h Pna So



Path justifier
Eatin Eastatt
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Using the Gaussian ansat
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CoshβM βEshβMeβE
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Alternatively we could use Stein's
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ELSE X M

with 9 x cosh βX
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full

Hence we get

Entisofthphot.EE ntSo piEald

Often written as

m tʰ Bh β Jimi βÑm
IDEE

Onsager reaction
term

What on Well thatdepends on the model

Random Field Ising Model RFIM
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En si and En i S are different but

is a small influence and

EN CSD END 0

How to estimate Ndependence of
Cor si si when it It is O
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Thus we get
mi th E m thi

If we call Emi
m
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Now consider the problem where

Ji are random

with EG 0 Vardi JIN

Varn h ƩJoiVan S3
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mi th Bhi tpE mi BE a m

This is theThouless Anderson

Palmer TAP equation
with a non trivial Onsagerterm

How to solve it In 2009 Bolthansen

suggested that the iteration

m.tt th BhitβEJm β 74 92mg

with 9 mF can be

analyzed and h hi could



be shown to be asymptotically

jointy Gaussian

Here we switch notation and breakup

totaleffective Happy it ki effective
field field from spin

field

Focus on the uniform field case hi h

Iterationfor vectors at m E IR
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Functionapplies componentbycomponent
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This is the a iteration equation
Fixedpoint 9 Ez No tʰ βFz βh

Condition for a stablefixed point
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Equality gives the Alameda Thouless line
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General Symmetric AMP
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where N 01kt In

and Tait km mtily

Now let us talk about a

signal processing Bayesian

inference problem very close to

the TAP spin glass problem



The Wignerspikemodel
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See the analogy with Ising I 1

Y J

If we assume Px is Rademacher

Pylai Split1 Fri 1

then it is exactly a disordered

Ising model with

Yi Exist Wii

SingleHopfield spinglass
pattern

Eigenvaluesof



Eigenvalue of ax.at at

F
Rademacha

t.IE

easilydetectable Hard to detect

Analysis
set W ans

t
be

at f et



a b ME I 9ot

Got 7T
overlap of E E with

Define x ̅ We at be

f a f 1 20901

x ̅ I It bymt

a f It



9 E th βr9 Z βF9mX

9 ARE 2 βF

9 nonzerobut

Ncd 90 70



Extra Notes

1 Iterated BP Onsager AMP

In thestyle of belief propagation

we could have written the

egn connecting Ent and

ENCS as

mi the Phi β iijmÉ
Now what about mÉ
Perhaps replace it by m correction



m th ph p.EE mk'jtpJjimti
th BhitBEEirm

BI 1 th Phi BEtime m

m i β Jill m MY

Father

My m βJill me MY

mF thphitp.si MY β I t m m

thphitp.fi m RE i m mi

th Bh it β Jim β54 97

TAP ean



2High temperature smallβ
estimate of Cov Si Si for RFIM

Let us start with the partitionfor
Z ƩeEEs Betis

53

9 ECS

9k Cov si si

We plan to expand Z in the

small β limit compute lnZ

and take derivatives
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